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1 Introduction 

. The role of D-branes [T] in the description of certain nonperturbative degrees of freedom of 

strings is by now well established and the study of their dynamics has led to many new in- 
sights into String Theory. Much of this study was done in the large volume limit where ge- 
ometric technique provides reliable information. The extrapolation into the stringy regime 



> 

IT) . 

-^j- \ usually requires boundary conformal field theory (CFT) methods. In this approach D-brane 

configurations are given by conformally invariant boundary states or boundary conditions. 
However a complete microscopic description of these configurations are well understood only 
for the case of flat and toric backgrounds where the CFT on the world sheet is a theory of free 
fields. 

The class of rational CFT's gives the interesting examples of curved string backgrounds where 
the construction of the boundary states can be given in principle. One of the important examples 
is N = 2 supersymmetric minimal models which are building blocks of the Gepner models [2] of 
5_i ■ superstring compactification on toric Calabi-Yau manifolds. Thus, the problem of construction 

of D-branes in various rational models of CFT and in N = 2 supersymmetric minimal models, 
in particular, is an important and interesting. 

However the explicit construction of boundary states in these models is more complicated 
problem as against the case of flat or toric backgrounds. Although the structure of Hilbert 
space in rational models of CFT is naturally governed by the chiral algebra of symmetries 
the construction of the space of states is very nontrivial problem because it consists of highly 
degenerate representations of chiral algebra. This special feature of rational models hampers 
considerably the description of irreducible chiral algebra modules in terms of chiral algebra 
generators as the infinite number of singular vectors and submodules is generated by the action 
of chiral algebra on the highest weight vector. In other words, the modules freely generated by 
the chiral algebra are highly reducible. They contain infinite number of submodules which must 
be properly factored out to get the irreducible representations comprising the Hilbert space. 



*This paper is a contribution to the Proceedings of the Seventh International Conference "Symmetry in 
Nonlinear Mathematical Physics" (June 24-30, 2007, Kyiv, Ukraine). The full collection is available at 
|http: / /www.emis.de/journals / SIGMA /symmetry2007.html | 
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The structure of singular vectors and submodules as well as the way of factorization can be 
described by resolutions of the irreducible modules [21 El El El El EH] • 

The free field representations and corresponding resolutions are of special interest in rational 
models of CFT. They are not only code the submodules structure but allow also to construct 
explicitly the fields of the model via the intertwining operators acting between the irreducible 
modules [31 El [6]. This property is very important because it provides a way to find the cor- 
relation functions in an explicit form. In other words, free field representation allows to find 
the solutions of the corresponding differential equations in an explicit form [3 El 6, 5j which is 
a nontrivial problem. 

In the rational models of CFT with boundary the singular vectors problem appears again 
when we try to construct the Ishibashi and boundary states because we need to introduce an 
orthonormal basis for each irreducible representation. One can avoid this problem if we use the 
resolutions instead of the irreducible representations. Hence it is natural to apply the free field 
approach to the models with boundary. This problem has been solved in [3 [10], for the case of 
SL(2) WZNW models and N = 2 supersymmetric minimal models. The idea is to change the 
irreducible modules by the Fock modules resolutions and use these resolutions for Ishibashi and 
boundary states construction. 

Notice that the construction is quite general and can be applied to any rational model of 
CFT with known free field realization. In addition, the free field construction can be extended 
for the case of Gepner models [HI [12], where the Recknagef-Schomerus boundary states as 
well as Recknagel permutation branes have been constructed in an explicit form by free fields. 
Because of boundary states in Gepner models, are defined by purely algebraic construction, the 
question of their geometric interpretation is nontrivial and interesting. I hope that free field 
approach might appears to be natural and efficient for the description of D-brane geometry in 
these models. 

This is a review article of the papers [10] and [TT] . Section [2] is devoted to the free field 
construction of boundary states in N = 2 superconformal minimal models. We start with the 
preliminary material on N = 2 minimal models in Subsection 12.11 In Subsection 12.21 we con- 
sider free field realization of the right-moving and left-moving N = 2 Virasoro superalgebra 
currents and introduce the Fock modules, where the superalgebras are naturally acting. Then, 
we construct the Fock modules Ishibashi states satisfying A and B-type boundary conditions. 
In the next Subsection we use free field resolutions (so called butterfly resolutions) of irre- 
ducible N = 2 Virasoro algebra modules to represent free field construction of Ishibashi states 
for corresponding irreducible modules. This is the main part of the construction. The problem 
here is to cancel the contributions from the huge number of redundant (non-physical) closed 
string states coming from the singular vectors. Similar to the bulk case, the non-physical states 
decoupling condition is equivalent to BRST invariance of the Ishibashi state, with respect to 
the sum of BRST charges of butterfly resolutions in the left and right-moving sectors. Then, 
free field construction of boundary states is given by Cardy prescription to the Ishibashi states. 
More recent paper [13] should be mentioned in this respect. In this paper the free field ap- 
proach to SL(2) WZNW models has also been considered but the BRST invariance condition 
which is of crucial importance has not been properly taken into account. In Subsection 12.41 we 
consider the closed string geometry of D-branes in N = 2 minimal model using the free field 
realization. 

Section [3] deals with the construction by free fields the D-branes in Gepner models. The 
construction is a straightforward generalization of the N = 2 minimal model case. It is briefly 
discussed in Subsection 13. 11 Then, we consider in Subsection [3T2] free field geometry of D-branes 
in closed and open string sectors. It is motivated by the conjecture that geometry of D-branes 
at string scales has natural description in terms of the free fields. 
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2 Free field construction of D-branes 

in N = 2 supersymmetric minimal models 

2.1 The symmetry algebra, Hilbert space and boundary conditions 
in iV = 2 supersymmetric minimal models 

The algebra of symmetries is given by holomorphic (or left-moving) and antiholomorphic (or 
right-moving) copies of N = 2 Virasoro superalgebra 

T(z) = £ L[n)z~ n -\ J{z) = £ J[n]z- n -\ 

n n 

G+(z) =Y J G + [r]z- r -"\ G-(z) = £G-[r>— 3 / 2 , 

r r 

f{z) = ]TL[n]z— 2 , J(z) = £ J[n]*-*-\ 

n n 

G + {z) =J2G + [r]z- r -V\ G'(z) = ^G-[r]r r - 3 / 2 (2.1) 

r r 

with the central charge 

c = 3(l-|), n = 2,3,... 
and the following commutation relations 

{G+[r\, G- [s]} = (r 2 - {) f 5 r+s , + ^ J[r + s]+ L[r + s), 
[J[n},G ± [r}\ =±G ± [n + r], [L[n], G ± [r}] = (f - r) G ± [n + r], 
[L[n], J[m]] = -mJ[n + m], [J[n], J[m]] = n|5 n+fn! o, 

[L[n],L[m]] = n(n 2 - l)^5 n+r7l)0 + (n - m)L[n + m]. (2.2) 

As usual, the holomorphic and antiholomorphic fermionic currents in NS sector are expanded 
into half-integer modes and hence r, s are half-integer numbers in (|2.1[) . (|2.2p . While they are 
expanded into integer modes in R sector, where r, s are integer numbers. 

Hilbert space of the model in NS-NS sector is a direct sum of tensor products of irreducible 
N = 2 Virasoro superalgebra representations 

The irreducible modules M^j are generated by the N = 2 Virasoro superalgebra generators 
from the highest vectors \h,j) determined by the following annihilation conditions 



L[n]\h,j)=0, J[n]\h,j)=0, n > 0, 

G ± [r]\h,j)=0, r>-\, L[0]\h,j) = h{h + 2) ~ J \ J[0)\h, j) = l\h 



When j = h (j = — /i) we have a so called chiral (anti-chiral) module generated from the chiral 
(anti-chiral) highest vector \h,h) (\h,—h)) satisfying additional relation G + [— l/2]\h, h) = 
(G-[-l/2]\h,-h) =0). 

Notice that module M^j is not freely generated from the highest vector. One can show p3] 
that there is an infinite number of submodules in the module freely generated from the highest 
vector \h,j). For example the vector which is called a singular vector 

\ E +) = G + [-\-m]...G + [-l]\h,h). (2.4) 
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satisfies the conditions similar to (|2.3p and hence generates a submodule. Therefore, one has to 
factor out this one as well as the other submodules to get the irreducible representation M^h 
from freely generated module. This problem is not trivial because of the number of submodules 
is infinite and they are intersect to each other [14| [TB] . 

The N = 2 Virasoro algebra has the following set of automorphisms which is known as 
spectral flow [15] 

G ± [r] U- t G ± [r]U t = G ± [r ±t], 

L[n] U^Llnp 1 = L[n] + tJ[n] + t 2 % 5 nfi , J[n] -► CT* J[n]Z7* = J[n] + t|J ni0 , (2.5) 

where t £ Z. Allowing t in (j2.5j) to be half-integer, we obtain the isomorphism between the 
Hilbert space in NS and R sectors. Moreover, one can use the observation [16] that all irreducible 
modules can be obtained from the chiral modules Mhj = h, h = 0, . . . , fx — 2 by the spectral flow 
action U~ t , t = h,h — 1, . . . , 1. Equivalently, one can restrict the set of chiral modules by the 
range h = 0, . . . , [^] — 1 (here, [^] denotes the integer part of ^) and extend the spectral flow 
action by t = fi — 1, . . . , 1. Thus, the set of irreducible modules can be labeled also by the set 
{(h,t)\h = 0, . . . , [^] — 1, t = [i — 1, . . . , 0} (when fj, is even and h = [^] — 1 the spectral flow 
orbit becomes shorter: t = [^] — 1, . . . , 1 [T4"]). 

There are two types of boundary states preserving N = 2 super- Virasoro algebra usually 
called £?-type 

(L[n] - L[-n))\B)) = 0, (J[n] + J[-n])|J5)> = 0, 

(G + [r]+iriG + [-r])\B)} = 0, (G~[r] + irjG~ [—r])\B)) = 0, \B))eU (2.6) 
and ^4-type states 

{L[n] _ L[-n])\A)) = 0, (J[n] - J[-n])\A)) = 0, 

(G + [r] + Z7? G-[-r])|^)) = 0, (G~[r] + ^G + [-r])|A)) = 0, G (2.7) 

where z = a/— T and rj = ±1. 



2.2 Free field realization and Ishibashi states in Fock modules 



Our first problem is to find a solution of the equations (|2.6|) . (|2.7p in the product of irreducible 
N = 2 Virasoro superalgebra modules. In other words we are going to construct the Ishibashi 
state. However, the explicit construction of Ishibashi state is quite complicated problem not only 
because the N = 2 Virasoro superalgebra is noncommutative but also because of the problem 
of singular vectors occurs. Instead, we use free field realization of iV = 2 minimal models and 
construct first the Ishibashi states for Fock modules which is much easy to do. 

Free field realization in the holomorphic sector is given by free bosonic fields X(z), X*(z) 
and free fermionic fields ip(z), ip*(z), 

X(z) =x + X \n(z) + y X*(z) =x* +X£Hz) + Y ^z"", 

n n 

rel/2+Z rel/2+Z 

[X*[n],X[m]] = nS n+m>0 , [X[0],x*] = 1, [X*[0],x] = 1, [^*[r},ip[s]}+ = S r+Sj0 . 
The currents of = 2 super- Virasoro algebra are given by 

G + (z) = ip*(z)dX(z) - ±d^*{z), G~(z) = ip(z)dX*(z) - dif>(z), 
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J(z) = 4>*(zMz) + j;dX*(z) - dX(z), 

T(z) = 8X(z)dX*{z) + \ (d 2 X(z) + l-d 2 X*(zj) + Udi>*(z)i){z) - iP*(z)diP(z)). 



It is clear that N = 2 Virasoro superalgebra is acting in the Fock module F PtP * which is gene- 
rated by creation operators of the fields X(z), X*(z), ip(z), ip*(z) from the vacuum vector 
\p, p*) G Fp,p*- It is determined by 

^[r]\p, P *)=iP*[r]\p,P*)=0, r>§, X[n]\p,p*) = X*[n]\p,p*) = 0, n > 1, 
X \p,P*} = p\p,P*}, Xq\p,p*} =p*\p,p*}. 

The vector \p,p*) satisfies the conditions (|2.3|) where 

h = p* + up, j = p* - fip. 

Analogously, the Fock module F PtP *, which is generated from vacuum \p, p*) by the creation 
operators of the antiholomorphic fields X, X*, ip, ip* , is the representation for N = 2 Virasoro 
algebra in the right-moving sector. 

In the tensor product of Fock modules we are going to construct Ishibashi state 

\p,p*,p,f)) 6 Fp, P * ® F P:P * 
which fulfills the relations (|2.6p for example. One can show that (|2.6p follows from 



(4>*[r\ - ir]ip*{-r])\p,p*,p,p*,B)) = 0, [ip[r] - ir]ip[—r])\p,p*,p,p*,B)) = 0, 

<5n,0 



X[n]+X[-n] + ^\\p,p*,p,p*,B)) = 0, 
(X* [n] + X* l-n) + 5 nfi )\p, p* , p, f , B)) = 0, 

p = -p-L, ? = -p*-l. (2.8) 
The solution is given by a standard expression 

\p,p*,B)) = J]exp(-IX*[-n]A > [-n])exp(-IX[-n]X*[-n]) 

n=l 

x [ exp(ir]^*[-r]^[-r])exp(t^[-r]^*[-r]))\p,p*,-p- ^,-p* -1).(2.9) 
r=l/2 

The ^4-type Ishibashi states can be found analogously. The relations (|2.7p follow from 

[ip*[r] - i7]^[-r])\p,p\p,p\r],A)) = 0, \ip[r] - iffi [-r] \ \p,p* ,p,p* ,rj, A)) = 0, 

(nX[n]+X*[-n}+5 n> o)\p,p*,p,f,v,A)) = 0, 
(X* [n] + fiX[-n] + S nfi )\p, p*,p,p*,r ) ,A))=0, 

p = -i+^!, ? = -n-\. (2.10) 
A 1 

Hence the A-type Fock space Ishibashi state (in NS sector) is given by 
\p,p*,V,A)) = J] exp (-i Ux[-n]X[-n\ + lX*[-n]X*[-n] 



n=l 



x Y[ ex P Uviji^i-rWi-r] + H^[-r]tjj[-r]Jj\p,p*,-— — ,-/zp- 1). 

r=l/2 ^ 
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2.3 Ishibashi states in irreducible N = 2 Virasoro superalgebra modules 
and boundary states in N = 2 minimal model 

How to use the solution (|2.9p to build the Ishibashi state for irreducible N = 2 Virasoro super- 
algebra modules? 

The Fock module F PtP * is highly reducible representation. It contains infinite number of 
singular (and cosingular) vectors generating N = 2 Virasoro submodules similar to the exam- 
ple (|2.4p . Therefore, the state (|2.9|) contains contributions from huge number of redundant states 
coming from singular vectors. 

In other words, the overlap of this state with an arbitrary closed string state which does not 
belong to the Hilbert space of the N = 2 minimal model is not zero in general 

({p,p*,r), B\v <g) v) ^ 0, \v ig) v) G F PtP * ® F p>p *, \v<8>v)$Q. 

If we want to build the Ishibashi state for irreducible representation it is necessary to cancel 
contributions from submodules. 

Hence we have to investigate the structure of submodules in the Fock modules and extract the 
irreducible representations. For the module Fq^ it is given by the following infinite complex [16] 
(which is known due to Feigin and Semikhatov as butterfly resolution) 



T 


T 


F i,h+n ' 


Fo,h+/j, 


T 


T 


F hh 


*— Fo,h 



(2.11) 



F-ifi-fi F_ 2> h-n 

T T 

F-l t h-2n *~ F-2,h-2/j, 

T T 



The horizontal arrows in this diagram are given by the action of screening charge 

Q+ = j> dz^p* exppT) 
and vertical arrows are given by the action of screening charge 

Q~ = j> dzij) exp (fiX) . 

The diagonal arrow at the middle of butterfly resolution is given by the action of Q + Q~ . The 
ghost number g of the complex is increasing along the diagonal from the right to the left and Fq ^ 
module is ghost number zero subspace. 

The crucial property of the operators is that they commute to the Virasoro algebra 
generators and they are nilpotent 

[L[n], Q ± ] = [J[n], Q±] = ■ ■ ■ = 0, (Q ± ) 2 = 0, Q + Q~ + Q~Q + = 0. 

Hence the Q^-images of the Fock modules are the N = 2 Virasoro superalgebra submodules. In 
particular, Q^-images of the vacuum vectors \p,p*) are the singular vectors like (|2.4p . 
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Theorem 1 (|16j). Complex ()2 . 1 1 j) is exact except at the Fq^ module, where the cohomology is 
given by the chiral module M^ J= /j. 

What about the singular vector structure for the module F_i _ 1 _ h coming from the right- 
moving sector of the state (|2.9p ? It is given by dual butterfly resolution |10j . 



I I 



(2.12) 



^l-i.-l-h+u — *■ ^2-i,-l-ft+tf 

I I 



The arrows on this diagram are given by the same operators as on the diagram (|2,lip . 

Theorem 2 ([10]). Complex ()2. 12j) is exact except at the F_i _i_ h module, where the cohomol- 
ogy is given by the anti-chiral irreducible module Mf lt j=-h- 

To make the cancelation of redundant states from submodules we add (with appropriate 
coefficients) the Fock Ishibashi states (j2.9[) from the tensor products of modules forming the 
butterfly complex (|2.1ip and its dual (12 . 12H . Thus, the free field construction of the Ishibashi 
state for the irreducible representation 

\M htj=h , 7], B)) 6 M Kj=h ® M hJ= _ h 

is given by the superposition 

\M h j =h ,7],B}} = Cn t m\n,mn + h,rj,B)) + c_ n _ m | - n, -m\i + h,r), B}}, (2.13) 

n,m>0 n,m>0 

where the coefficients c n m are fixed by the BRST invariance condition which is equivalent to 
the redundant states cancelation. 

BRST invariance condition can be formulated as follows. First of all, we form a tensor 
product of the butterfly complexes (|2.1ip and (|2. 12j) 

• • • - - C£i - Cl h -> Cg - • • • , (2.14) 

which is graded by the sum of the ghost numbers g + g. The differential D of the complex is 
defined by the differentials d and d of the complexes (|2.1ip and (|2.12p 

D\Vg ® Vgf) = \dVg ® V gl) + ( ~ 1 ) 9 \ V g ® (fa gl) , 

where \v g ) is an arbitrary vector from the complex (|2.1ip with the ghost number g, while \v g >) 
is an arbitrary ghost number g' vector from the complex (|2.12p . 

It follows from the theorems above that the cohomology of the complex (I2.14p is centered at 
zero grading 

H° = M Kh=j ® M h>J= _ h , H? = 0, g^O. 
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The Ishibashi state we are looking for can be considered as a linear functional on the Hilbert 
space of N = 2 superconformal minimal model. Therefore, the BRST invariance condition can 
be written as follows: 

D*\M hJ=h ,rj,B)) =0 ^ {{M hth ,ri,B\D\v g ®Vi- g ) = 0, \v g <g> v^ g ) € C^ h . (2.15) 

From this equation we find [10] that coefficients of the superposition c„ )m are proportional 
to co,o according to the ghost numbers of the double complex (12. 14ft 

c n ,m = exp {yr}\ (n + m) 2 )c 0fi - (2.16) 

It gives explicit free field construction of Ishibashi state \Mh,j=h))- 

The free field construction of the Ishibashi states for the modules M^j, j ^ his given by the 
spectral flow action [/"*, where t = 0, . . . , h 

\M htt ,ri,B)) = U^Uy^Mh^B)). (2.17) 

Analogously, the free field representation of >l-type irreducible module Ishibashi state is given 
by the following superposition of Fock Ishibashi states 

\M htt ,ri,A)) = U t {U) t \M h ,ri,A)) i 

\M h ,rj,A))= ^ c ntm \n, m/j, + h, T),A)) + ^ c- n - m \ - n, -m\i + h, rj, A)), (2.18) 

n,m>0 n,m>0 

where another normalization of the screening charges has been used to cancel \x and ^ factors 
for c Thm coefficients. 

Now the free field construction of A and -B-type boundary states (in NS sector) in iV = 2 
minimal models is given by Cardy prescription |17] 

\Dh,t,r],A}) = ^i} (M ) )(/lV ,)|i\4^/,?7, A)), 
h',f 

\D hJ ,ri,B)) = Y D (h,t),(h',t'=h'/2)\Mh',t=h'/2,V,B)), (2.19) 

h'=even 

where D^,t),(h' ,t') are Cardy coefficients determined by = 2 minimal model modular matrix 

1 fir(h + l){h' + 1)\ / (h - 2t)(ti - 2t')\ 
S( h ,t U v,r) = { ~ J -P ^ ~ J • 

Thus, the coefficients co,o hi the superpositions (|2.18p should be identified with the Cardy's 
coefficients. 

In conclusion of this section we notice that the free field representations of boundary states 
are determined modulo BRST-exact states satisfying A or i?-type boundary conditions. We in- 
terpret this ambiguity in the free field representation as a result of adding brane-antibrane pairs 
annihilating under the tachyon condensation process [18]. Strictly speaking, the BRST-exact 
states ambiguity is not the usual brane-antbrane pair ambiguity and has to be considered in a 
generalized sense, because BRST-exact states contain also the states with negative charges in 
NS sector. In particular, there are the states in NS sector oppositely charged with respect to 
graviton. Similar objects has recently been discussed in [20]. In this context the free field rep- 
resentation (|2.19p of boundary states can be considered as the superposition of branes flowing 
under the (generalized) tachyon condensation to nontrivial boundary states in minimal model. 
It is also important to note that spectral flow automorphisms (|2.5p give different free field repre- 
sentations of boundary states because the corresponding butterfly resolutions are not invariant 
with respect to these automorphisms. However, their cohomology is invariant. Hence, these 
different representations have to be identified and the free field boundary state construction 
should be considered in the sense of derived category [19] . 
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2.4 Free field geometry of D-branes in N = 2 minimal models 

Introducing the new set of bosonic and fermionic oscillators 

v[n] = ~kji(X*[n} - pX[n}), u[n] = ^(X*[n\ + M X[n]), 
v[n] = -^(X*[n] - pX[n\), u[n] = _^(X>] + M X[n]), 
ff M = ^(^*H +^H), rf[r] = ^(f[r]-^[r]), 

*M = + 7H = - m^H). (2.20) 



one can rewrite the A and -B-type boundary conditions (|2.10p . (|2.8|) as 

(u[n] - u[-n] + J~^6 ni o)\p,p* ,p,p* ,-q, A)) = 0, (v[n] - v[-n])\p,p* ,p,p* , rj, A)) = 0, 
(7[r] +ir]i[-r))\p,p*,p,p*,r},A)) = 0, (cr[r] - i77^H"])|p,p*,p,p*, rj, A)) =0, 

(u[n] -u[-n] + yf^ )0 ) \p,P*,P,P*,V, B )) = °> ( W N +^[-«])b,P* ) P ) P* 5 ??> 5 }} = 0, 
(7[r] +zrn[-r])|p,p*,p,p*,?7, J B)) = 0, (cr[r] - irja[-r])\p,p* ,p,p* , i], B)) = 0. 

Thus, A-type states correspond to Dirichlet boundary condition along the coordinates u, v and 
-B-type states correspond to Dirichlet boundary condition along the coordinate u and to Neu- 
mann boundary condition along the coordinate v. Notice also that we can view the coordinates 
exp(ii), v as polar coordinates on the complex plane because of the currents J(z), T(z) take the 
form 



J(z) = ip*(z)ip{z) -iJ^dv(z), T(z) = \{du 2 + dv 2 )-^d 2 u. (2.21) 

Hence, in these coordinates A-type states are the points on the complex plane and -B-type 
states correspond to 1-dimensional circles around the origin. It is clear however, that we are 
free to change arbitrary the sings in front of the right-moving coordinates in (|2,20p changing 
thereby the boundary conditions. The definition (|2.20l) stems from the consistency with the 
expressions f|2. 13|) . (|2.17p . (|2.18p and our wish to have a geometry close to geometry of LG 
model. Indeed, due to the summation over n + m in (I2.13P and (|2.18p it is natural to view the 
boundary conditions as Dirichlet along the coordinate u, which is noncompact direction, so that 
the winding states are not allowed in this direction by topology. The summation over the n — m 
is natural to consider as a summation over the winding modes in .B-type branes and summation 
over the momenta in ^4-type branes. In this picture, A-type boundary conditions correspond 
to DO-branes while -B-type boundary conditions correspond to Dl-branes. It should be noted 
once more that this geometric interpretation is quite artificial and it would be interesting to 
find a CFT argument to fix the ambiguity of boundary conditions interpretation. 



3 Free field construction of D-branes in Gepner models 

In Gepner models of superstring compactification the string degrees of freedom on the compact 
manifold are given by internal N = 2 CFT which is direct product of N = 2 supersymmetric 
minimal models factored out by GSO projection 

I 

n tn Mi x M 2 x ■ ■ ■ x M//GSO, c = ^ a = 9, a = 3 (l - . 

i=l 

The N = 2 Virasoro superalgebra of the model is given by the diagonal in the product of 
individual N = 2 Virasoro superalgebras 



L[n] = (L {1) + • • • + L {I) )[n], J[n] = (J (1) + • • • + J (/) )[n], 
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The GSO projection group in the internal sector is generated by the operator 

Ggso = exp (2m( J[0] + J[0])) (3.1) 

and hence the diagonal N = 2 Virasoro algebra survives the projection. Thus, we have purely 
algebraic construction of the Hilbert space [2] (see also [22| [23] ) . 

It is obvious that free field representation of D-branes in Gepner models can be obtained 
from the free field construction of D-branes in TV = 2 minimal models if we take into account 
the GSO projection [TT] . 



3.1 Free field representation of D-branes 

In the free field language we introduce in the left-moving sector the free bosonic fields Xi(z), 
X*{z) and free fermionic fields ilJi(z), ip*(z), i = 1, . . . , I as well as the lattice of momenta 

n = p®p*, 

P = p =(—,...,— ) , rueZ, P* = p* = (mi, . . . ,mj), m, G Z 
and the set of Fock modules associated to this lattice 

F P)P ., (p,P*)en. 

The corresponding butterfly resolution is given by the product of butterfly resolutions of indi- 
vidual minimal models. Hence the differential is given by the screening charges 



Q+ = j, dzip* exp (X*), Q i = j> dzipi exp (piXi). 



The similar objects have to be introduced in the right-moving sector. 

Thus, according to (|2.18p the free field construction of j4-type Ishibashi state in the product 
of minimal models is given by 

\M h)t ,ri,A)) =Y[U^Ur^\M h , V ,A)), \M h ,r,,A))= £ c p , p *\p,p*,r),A)), 
i (p,P*)er h 

where Th is the set of butterfly resolution momenta and 

|p, p* , n, A) ) = H exp ( - i Yl [""I + i X * i~ n ^ [-"])) 

n=l V i / 

r=l/2 V i ) 

where we have introduced the matrix f2« = HiSij. Now the construction of A-type boundary 
states is straightforward, we use the Cardy prescription and the GSO projection 



K-l 



A,X,rj,A)) = - £ Wj;* J2 exp(i2™J )U mv U mv \M h , t ,r),A)), 



K 

(h,t)eA m,n=0 

where are Cardy's coefficients 



w h.t D h ( (-^t ~~ 2Aj)(/lj — 2ti) \ D h TT r>hi 

W A,X = R \ ex P m 2^ ' fl A = H-Ra* , 



1=1 / 1=1 
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A - 5 Ai.*i c. - _ V^„.„ ^(^ + 1)^ + 1; 



«A*=-7p=. 5 AiA = ^-sin 



A is the set of irreducible representations from the product of minimal models and to is the 
normalization constant. The summation over n makes projection on the set of integer J[0]- 
charges providing thereby GSO projection in the internal sector of the superstring [231 EI]> 
while the summation over m introduce spectral flow twisted sectors. The boundary states are 
labelled by pair of vectors (A, A) = (Ai, . . . , A/, Ai, . . . , A/) G A. 

The -B-type boundary states are given by the similar expression [11]. Thus, we obtain the 
construction of Recknagel-Schomerus boundary states [21] in an explicit form. The free field 
representation can be generalized also to the case of permutation branes of Recknagel |24| . It 
was given in [12] . 



3.2 Free field geometry of D-branes in Gepner models 

The geometry of D-branes analysis in the closed string sector is given analogously to the minimal 
models. Similar to (|2.20p we introduce in the left-moving sector the bosonic fields Vi(z), Ui(z), 
the fermionic fields &i(z), ji(z) and do the same in the right-moving sector, introducing Vi(z), 
Ui{z), (7i(z), ji(z), % = 1, It is clear that in this picture ^4-type boundary conditions 
in the Gepner model are Dirichlet-ones for all coordinates, while -B-type boundary conditions 
are Dirichlet conditions for U{ coordinates and Neumann-ones for v\ coordinates. Hence, before 
the GSO projection the j4-type boundary state corresponds to DO-brane in the flat complex 
space C 1 and -B-type boundary state describes a Lagrangian /-dimensional torus in C , where 
exp (uj), and V{ are the polar coordinates. Due to (I2,20p . (I2.21|) and (13. 1|) it is easy to see how the 
GSO group is acting in C 1 , it makes the orbifold C 7 /GSO. Hence the A and B-type boundary 
states in Gepner models are the DO and Di-branes on the orbifold. The question which seems 
to me important is to understand what is geometric meaning of Cardy's coefficients and how 
they code the moduli space of D-branes in Gepner models. 

There is another aspect of the free field geometry of D-branes in Gepner models. It appears 
in the open string sector of D-branes |11[ I12j . In this case the space of states of the open 
strings between the pair of D-branes can be described by one of the sectors, the left-moving 
one for example. It is easy to calculate the transition amplitude between the pair of boundary 
states. The result comes from the BRST construction of Ishibashi states (|2.15p . (|2.16p as well 
as representation of the irreducible modules characters in the N = 2 minimal model by an 
alternating sum of the Fock modules characters from the butterfly resolution [16] : 

zt Al ,x l){ A 2 ,x 2 )(Q) = ((A 1 ,X 1 ,7 1 ,A\(-iyq L °-t i \A 2 ,X 2 ,7 1 ,A)) 

h,t i 

+ N^-fS^K^i - 2A 2ji - Ai (i + 2Ai,i + hi- 2U - ^))ch h)t (g), (3.2) 

where (— l) 9 is the ghost number insertion according to BRST condition (|2.15|) . q = exp (2z7rr), 
q = exp (— 2z-^), Nj^ Aa are Verlinde algebra coefficients for the individual minimal model, 
and 

1 re— 1 

ch h , t ((/,n) = — V Tr Mht (C/™ v (7 ( L ^5i)n Jo exp(2mmJo)[/-" v ) 

K 

n,m=0 
^ ft— 1 

= ~2 Xh,t+nv(T,f + 77l), 

77,771=0 
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where Mh,t = T\i^hi,ti is the product of irreducible modules, U nv = Y\ i U™ is the product of 
spectral flow operators and Xh,t( T i v ) is the product of characters of minimal models. Hence, the 
transition amplitude calculates the number of open string states between the pair of D-branes 
weighted by q L °~24. 

This space is given by the cohomology of the butterfly resolution (which is the product of 
the butterfly resolutions for individual minimal model). 

The calculation of cohomology is given in two steps. At first step we calculate the cohomology 
with respect to the ^ Qf -differential. It is well known that ^ Q^-cohomology is generated 
by the set of 6c/37-system of fields 

cii(z) = exp (Xi(z)), a*(z) = (dX* - ip^*) exp (-Xi(z)), 

ati(z) = ipiexp(Xi(z)), a*(z) = ip* exp (-Xi(z)), (3.3) 

Their Fourier components commute with each other except the following 

[o*[n]o[m]] = 5 n+mfi , [a*[r],a[s]] + = 5 r+sfi . 

Hence, one can interpret these fields as a string version of the complex coordinates, the deriva- 
tives and differentials on the flat complex space C^: 

d 

adz) — > coordinates on C 1 , a* (z) —> derivatives — — , 

dai 

cti — > differentials dai, &* — ► conjugates to dai. 

In order for the correspondence be well defined we need to specify how the fields f|3.3|) change 
under a change of coordinates a± , . . . , aj. For the new set of coordinates 

ai = 9i(ai, . . . ,aj), ctj = fi(di, . . . ,aj) 

this is determined in [25] by the formulas 

= 9i{ai(z), . . . ,a/(z)), 

oci{z) = g iyj (ai(z), . . . ,ai(z))aj(z), a*(z) = f iyj (ai{z), . . . ,ai(z))a*(z), (3.4) 
= fi,j{ai(z), . . .,a I (z))a*(z)+f n>i> i(a 1 (z), . . .,a I (z))gi iTn (a 1 (z), . . .,a I (z))a* n (z)a m (z), 

where gij = fij = Jl 1 , fij,k = -ia fc anc ^ * ne norma l ordering of the operators is implied. 
Then the N = 2 Virasoro superalgebra takes the form 



i i 

J = J2 (l - a*Ui + j-aia*, 

i 

T = Yl HI 1 + i) ~ i 1 ~ i) a i 9ai ) + i 1 ~ 2^) daia i - ?k a i da i- 

i 

We see that G~(z) is the string version of de Rham differential on C 1 and due to (13. 4ft we 
can see the space of states generated by the fields (|3.3|) as a chiral de Rham complex on C 1 
introduced recently by Malikov, Shechtman and Vaintrob [25] for smooth manifolds. It is easy 
to see from (j3.2|) that GSO projection in the open string sector makes the orbifold of C^. Indeed, 
the operator exp (2nrmJ[0]) in the summation over m produces the projection of the space of 
states generated by 6c/37-fields on the subspace with integer J[0]-charge, while the operator U nv 
in the summation over n generates the twisted sectors for the 6c/37-fields. It allows to conclude 
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that open string sector can be described in terms of chiral de Rham complex on the orbifold 
C J /GSO. This object has been introduced recently by Frenkel and Szczesny in |26j . 

Now we take the second step in the cohomology calculation, i.e. we calculate the cohomology 
with respect to Y2i Q7 -differential. The screening charges Q~ can be expressed in terms of the 
fields fl33D as 

Q~ = j> dzata f l t ~ 1 (z). 
Therefore - Q~ is Koszul differential associated with Landau-Ginzburg potential 

i 

It proves that A-type D-branes in Gepner model are fractional D-branes [27] on the Landau- 
Ginzburg orbifold. Notice that taking the Y2i Q7 cohomology as the first step we get the same 
background geometry of C 1 /GSO Landau-Ginzburg orbifold |llj . The similar analysis can be 
carried out also for the case of B-type branes |llj . 

Thus, a free field construction of D-branes allows to extract geometry from the purely alge- 
braic Recknagel-Schomerus construction. It is interesting to develop in more details the D-brane 
geometry description in terms of chiral de Rham complex. 
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